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Abstract. We show that the hypercohomology of the Chevalley-Eilenberg-
de Rham complex of a Lie algebroid L over a scheme with coefficients in an
L -module can be expressed as a derived functor. We use this fact to study a
Hochschild-Serre type spectral sequence attached to an extension of Lie alge-
broids.
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21. Introduction
As it is well known, the cohomology groups of a Lie algebra g over a ring A with coeffi-
cients in a g-module M can be computed directly from the Chevalley-Eilenberg complex,
or as the derived functors of the invariant submodule functor, i.e., the functor which with
ever g-module M associates the submodule of M
Mg = {m ∈M | ρ(g)(m) = 0},
where ρ : g → End A(M) is a representation of g (see e.g. [16]). In this paper we show an
analogous result for the hypercohomology of the Chevalley-Eilenberg-de Rham complex of
a Lie algebroid L over a scheme X , with coefficients in a representation M of L (the
notion of hypercohomology is recalled in Section 2). An important tool for the proof of
this result will be the interplay of the theory of Lie algebroids with that of Lie-Rinehart
algebras, as we shall indeed use several results from Rinehart’s pioneering paper [13].
This approach to Lie algebroid hypercohomology permits us to look at the spectral se-
quence that one can attach, as shown in [1], to an extension of Lie algebroids (a “Hochschild-
Serre” spectral sequence), as the Grothendieck spectral sequence associated with the right
derived functors of a composition of left-exact functors, affording us a better understanding
of its properties. In a similar way, one can define a kind of local-to-global spectral sequence,
which relates the hypercohomology of the Chevalley-Eilenberg-de Rham complex of a Lie
algebroid L with the cohomologies of the Lie-Rinehart algebras L (U), where U ⊂ X is
an affine open subscheme.
We would like to stress that the only assumptions we make about the base scheme X are
that it is a noetherian separated scheme over a field, and no regularity hypothesis is made.
Moreover, the same results can be obtained in the case of Lie algebroids over analytic
spaces, and, in particular, complex manifolds (technically, whenever in the following an
affine subscheme or affine open cover will be used, one should instead use a Stein subspace or
Stein cover). Thus this theory may be in principle applied to study vector fields on singular
varieties, Ka¨hler forms on singular Poisson varieties, coisotropic singular subvarieties of
Poisson varieties, singular varieties acted on by an algebraic group, etc.
One should mention that derived functors in connection with Lie-Rinehart algebras were
also considered by J. Huebschmann [7].
The contents of this paper are as follows. Section 2 gives some generalities about Lie
algebroids and discusses their relation with Lie-Rinehart algebras. In Section 3 we discuss
our main result, the isomorphism of the Chevalley-Eilenberg-de Rham hypercohomology
3with the derived functors of the invariant submodule functor. Section 4 is devoted to the
study of a Hochschild-Serre spectral sequence and of the local-to-global spectral sequence,
and some related results.
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2. Generalities on Lie algebroids
All schemes will be noetherian and separated. Let X be a scheme over a field k. We
shall denote by OX the sheaf of regular functions on X , by kX the constant sheaf on X
with stalk k, and by ΘX the tangent sheaf of X (the sheaf of derivations of the structure
sheaf OX), which is a sheaf of kX -Lie algebras.
2.1. Lie algebroids. A Lie algebroid L on X is a coherent OX-module L equipped with:
• a k-linear Lie bracket defined on sections of L , satisfying the Jacobi identity;
• a morphism of OX-modules a : L → ΘX , called the anchor of L , which is also a
morphism of sheaves of kX -Lie algebras.
The Leibniz rule
[s, ft] = f [s, t] + a(s)(f) t (1)
is required to hold for all sections s, t of L and f of OX (actually the Leibniz rule and the
Jacobi identity imply that the anchor is a morphism of kX-Lie algebras).
A morphism (L , a) → (L ′, a′) of Lie algebroids defined over the same scheme X is a
morphism of OX-modules f : L → L
′, which is compatible with the brackets defined in L
and in L ′, and such that a′ ◦ f = a. Note that this implies that the kernel of a morphism
of Lie algebroids has a trivial anchor, i.e., it is a sheaf of OX-Lie algebras.
We introduce the Chevalley-Eilenberg-de Rham complex of L , which is a sheaf of dif-
ferential graded algebras. This is Λ•
OX
L ∗ as a sheaf of OX-modules, with a product given
4by the wedge product, and a k-linear differential dL : Λ
•
OX
L ∗ → Λ•+1
OX
L ∗ defined by the
formula
(dL ξ)(s1, . . . , sp+1) =
p+1∑
i=1
(−1)i−1a(si)(ξ(s1, . . . , sˆi, . . . , sp+1))
+
∑
i<j
(−1)i+jξ([si, sj], . . . , sˆi, . . . , sˆj, . . . , sp+1)
for s1, . . . , sp+1 sections of L , and ξ a section of Λ
p
OX
L ∗. The name of this complex comes
of course from the fact that when X is a point, L is a Lie algebra, and the complex reduces
to the Chevalley-Eilenberg complex of that Lie algebra; while when L = ΘX , and X is
smooth, one gets the de Rham complex of X .
The hypercohomology1 of the complex (Λ•
OX
L ∗, dL ) is called the Lie algebroid cohomol-
ogy of L . On a complex manifold, if L is locally free as an OX-module, this cohomology
is isomorphic to the Lie algebroid cohomology of the smooth complex Lie algebroid L
obtained by matching (in the sense of [9, 11, 8]) the holomorphic Lie algebroid L with
the anti-holomorphic tangent bundle T 0,1X [8, 2]. Since rkL = rkL + dimX , the hy-
percohomology of the complex (Λ•
OX
L ∗, dL ) in this case vanishes in degree higher than
rkL + dimX .
Example 2.1 (The Atiyah algebroid). A fundamental example of Lie algebroid is DE , the
Atiyah algebroid associated with a coherent OX-module E . This is defined as the sheaf of
first order differential operators on E having scalar symbol, i.e., satisfying the following
property: for all open subsets U ⊂ X , and every section D ∈ DE (U), there is a vector field
v ∈ ΘX(U) such that
D(fs) = fD(s) + v(f)s
for all f ∈ OX(U) and s ∈ L (U). Note that the vector field v is unique. DE sits inside
the exact sequence of sheaves of OX-modules
0→ EndOX (E )→ DE
σ
−→ ΘX ,
1We remind the reader, if needed, that given an additive, left-exact functor between abelian categories
F : A → B, where A is assumed to have enough injectives, the hyperfunctors HiF : K+(A) → B, with
i ≥ 0, are defined as HiF (A•) = Hi(F (I•)), where I• is a complex of injective objects quasi-isomorphic to
A• (hereK+(A) is the category of complexes of objects in A bounded from below). When A = Qcoh(X) for
a scheme X , B is the category of abelian groups, and F is the global section functor Γ, the hyperfunctors
H
iΓ are called the hypercohomology groups, denoted Hi(X,F •) for a complex F • of quasi-coherent OX -
modules.
5where the morphisms σ mapping D to v, called the symbol map, plays the role of anchor.
The bracket is given by the commutator of differential operators. Note that, when E is
locally free, the anchor is surjective so that DE is an extension of ΘX by EndOX (E ).
2.2. Representations. The notion of representation of a Lie algebroid can be neatly
introduced by using the Atiyah algebroid.
Definition 2.2. A representation of Lie algebroid L on a coherent OX-module M is a
morphism of Lie algebroids ρ : L → DM .
Thus, given a section s of L , ρ(s) acts on sections of M as a first-order differential
operator, and ρ([s, t])(m) = [ρ(s), ρ(t)](m), where the bracket in the right-hand side is the
commutator of operators. Moreover, a(s) is required to be the symbol of ρ(s) (here a is
the anchor of L ).
We shall denote by Rep(L ) the category of representations of the Lie algebroid L .
Given two representations (M , ρ) and (N , β), a morphism (M , ρ) → (N , β) is a mor-
phism of OX-modules f : M → N such that β(s)(f(m)) = f(ρ(s)(m)) for all sections s
of L and m of M . The category Rep(L ) is abelian.
Given a representation (M , ρ) of L , one can introduce the twisted modules M ⊗OX
ΛkL ∗, with a differential
(dρξ)(s1, . . . , sp+1) =
p+1∑
i=1
(−1)i−1ρ(si)(ξ(s1, . . . , sˆi, . . . , sp+1))
+
∑
i<j
(−1)i+jξ([si, sj], . . . , sˆi, . . . , sˆj, . . . , sp+1).
The hypercohomology of the complex (M ⊗OX Λ
•L ∗, dρ) is called the cohomology of L
with values in (M , ρ), denoted H•(L ;M , ρ) or H•(L ;M ).
2.3. Lie-Rinehart algebras. We explore now the relation of Lie algebroids over algebraic
schemes with Lie-Rinehart algebras.
Definition 2.3. Let A be a unital commutative algebra over a field k. A (k, A)-Lie-
Rinehart algebra is a pair (L, a), where L is an A-module equipped with a k-linear Lie
algebra bracket, and a : L → Derk(A) a representation of L in Derk(A) (the anchor) that
satisfies the Leibniz rule (1), where now s, t ∈ L and f ∈ A.
For brevity, we shall often say that L is a Lie-Rinehart algebra over k, understanding
the algebra A and the representation a.
6Example 2.4. Let M be an A-module. Given a derivation D¯ ∈ Derk(A), a derivation D of
M over D¯ is a k-linear morphism D : M →M such that
D(xm) = xD(m) + D¯(x)m
for all x ∈ A, m ∈ M . The set D(M) of derivations of M over derivations of A is an
A-module. The morphism σ : D(M) → Derk(A), mapping D to D¯, is a morphism of Lie
k-algebras, and (D(M), σ) is a (k, A)-Lie-Rinehart algebra. Actually σ is a symbol map,
so that D(M) could be called the space of derivations of M with scalar symbol. Moreover,
the sequence of A-modules
0→ EndA(M)→ D(M)
σ
−→ Derk(A)
is exact, and the symbol morphism σ is surjective when M is free over A. The pair
(D(M), σ) is the Atiyah-Lie-Rinehart algebra of the module M . △
Again, a representation of a (k, A)-Lie-Rinehart algebra L is an A-module M with a
morphism of Lie-Rinehart algebras L → D(M). A cohomology H•(L;M) is defined by
means of a differential analogous to the one in eq. (2).
Assume that L is finitely generated over A. If we take X = SpecA and localize the
A-module L, the resulting OX-module L has a Lie algebroid structure. Conversely, given
a Lie algebroid L over a scheme X , for every open U ⊂ X , L (U) is a (k,OX(U))-Lie-
Rinehart algebra, finitely generated as an OX(U)-module. This establishes the following re-
sult. Let Lie-Alg
k
be the category of Lie algebroids over schemes over k, and let Lie-Algaff
k
be the full subcategory of Lie algebroids over affine schemes. Moreover, let Lie-Rink be
the category of Lie-Rinehart algebras L over the field k, with L finitely generated over a
k-algebra A. Morphisms are defined in the obvious way.
Proposition 2.5. The categories Lie-Algaff
k
and Lie-Rink are equivalent. In particular, if
we fix a unital commutative k-algebra A, and take X = SpecA, the categories Lie-Alg(X)
of Lie algebroids over X, and Lie-Rin(k,A) of (k, A)-Lie-Rinehart algebras, are equivalent.
2
2Lie-Algaff
k
is a fibered category over the category of affine k-schemes, and analogously, Lie-Rinop
k
is
a fibered category over the category of unital k-algebras.
73. Cohomology as derived functor
3.1. The universal enveloping algebroid. In [13], the universal enveloping algebra
U(L) of a (k, A)-Lie-Rinehart algebra L was introduced. Let us recall the definition. One
gives the direct sum L¯ = A⊕ L a structure of Lie algebra over k by letting
[f ⊕ x, g ⊕ y] = (a(x)(g)− a(y)(h))⊕ [x, y],
where a is the anchor of L. Let us denote by U(L¯) the usual enveloping algebra of L¯, and
denote by ι : L¯→ U(L¯) the natural morphism. Let U(L¯)+ the subalgebra generated by the
image of ι. The universal enveloping algebra U(L) of L is the quotient U(L¯)+/J(L), where
J(L) is the ideal generated by the elements
ι(fu)− ι(f)ι(u)
for f ∈ A and u ∈ L¯. Note that in U(L) the identity
s · f − f · s = a(s)(f)
holds for every f ∈ A and s ∈ L.
The induced map ι : A → U(L) turns out to be a monomorphism, and gives U(L) both
a left and right A-module structure. Moreover, the anchor a gives A a structure of U(L)-
module, induced by
g · f = gf, s · f = a(s)(f)
for s ∈ L and g, f ∈ A. This allows one to define a morphism (augmentation map)
ε : U(L)→ A by mapping u ∈ U(L) to u · 1.
The universal enveloping algebra U(L) satisfies a universality property [12], which im-
plies that, given a morphism f : L→ L′ of (k, A)-Lie-Rinehart algebras, there is a unique
morphism U(f) : U(L)→ U(L′) which, when restricted to the natural image of L into U(L),
coincides with f . According to the discussion before Proposition 2.5, we can define the
universal enveloping algebroid U(L ) of a Lie algebroid L over a scheme X as the sheaf of
algebras whose space of sections on any affine open subset U ⊂ X is the universal envelop-
ing algebra U(L (U)) of the (k,OX(U))-Lie-Rinehart algebra L (U). The functoriality of
the universal enveloping algebra ensures that U(L ) is well defined. Each local universal
enveloping algebra has a morphism U(L (U))→ OX(U) and these give rise to a morphism
ε : U(L )→ OX .
If L is a Lie-Rinehart algebra, there is an equivalence of categories between the category
of representations of L, and the category of (left) U(L)-modules. Indeed if (M, ρ) is a
8representation of L, then M becomes a U(L)-module by letting
f ·m = fm, s ·m = ρ(s)(m)
for m ∈M , f ∈ A and s ∈ L. Viceversa, if M is a U(L)-module, one defines a representa-
tion ρ of L on M by letting
ρ(s)(m) = s ·m.
This immediately produces the analogous result for Lie algebroids. We shall henceforth
assume that L is a locally free Lie algebroid on a scheme X over a field k. We shall denote
by U(L )-mod the category of left U(L )-modules.
Proposition 3.1. The category Rep(L ) of representations of a Lie algebroid L (over X)
is equivalent to the category U(L )-mod.
The category of sheaf of modules over any sheaf of rings has enough injectives, and as
a consequence, Rep(L ) has enough injectives. Alternatively, to prove this claim one can
use the fact that for every x ∈ X the stalk Lx is a (k,OX,x)-Lie-Rinehart algebra, whose
category has enough injectives, and mimic the proof that the category of OX-modules has
enough injectives [5].
3.2. Lie algebroid cohomology. Given a representation (M , ρ) of a Lie algebroid L ,
we denote by M L its invariant submodule, i.e., for every open subset U ⊂ X ,
M
L (U) = {m ∈ M (U) | ρ(L )(m) = 0}.
Note that whenever the anchor of L is not trivial, this is not an OX-module, but only a
kX -module, as
ρ(s)(fm) = fρ(s)(m) + (a(s)(f))m.
We introduce the left-exact additive functor
IL : Rep(L ) → k-mod
M 7→ Γ(X,M L ).
Since Rep(L ) has enough injectives, we may consider the right derived functors RiIL .
Theorem 3.2. Let L be a locally free a Lie algebroid over the scheme X, and let Rep(L )
the category of its representations. The functors RiIL are isomorphic to the hypercoho-
mology functors
H
i(L ;−) : Rep(L )→ k-mod.
9Proof. We start by noting that the functors Hi(L ;−), in view of the standard properties
of the hypercohomology functors (i.e., the association with every exact sequence of rep-
resentations of L of a connecting morphism satisfying the usual functorial properties),
make up an exact δ-functor.3 To get the desired isomorphism, we need to show that
H
0(L ;−) ≃ IL , and moreover, that the δ-functor is effaceable, which is tantamount to
saying that Hi(L ;I ) = 0 for i > 0 whenever I is an injective object in Rep(L ). The
first property will be proved in the next Lemma. For the second, we consider the homology
complex of kX -modules {C
i}i≥0
C
i = U(L )⊗OX Λ
i
L
with the differential
∂(u ⊗ x1 ∧ · · · ∧ xi) =
i∑
j=1
(−1)j−1uxj ⊗ x1 ∧ · · · ∧ xˆj ∧ · · · ∧ xi
+
∑
1≤j<k≤n
(−1)j+ku⊗ [xj , xk] ∧ x1 ∧ · · · ∧ xˆj ∧ · · · ∧ xˆk ∧ · · · ∧ xi. (6)
Moreover, one has the (surjective) augmentation morphism ε : C 0 = U(L )→ OX , cf. Sec-
tion 3.1. We note that, for every x ∈ X , the stalk Lx is a (k,OX,x)-Lie-Rinehart algebra,
projective over OX,x, and that the complex {C
•} induces a complex
C
•
x = U(Lx)⊗OX,x Λ
i
Lx
which is a projective resolution of the local ring OX,x [13]. Therefore, {C
•} is a resolution
of OX (as a U(L )-module; note that the differential ∂ in (6) is U(L )-linear with respect to
the argument u). If we apply the functor HomU(L )(−,I ) to C
•, the cohomology complex
we obtain is exact as I is injective, and on the other hand, since
HomU(L )(U(L )⊗OX Λ
i
L ,I ) ≃ I ⊗OX Λ
•
L
∗,
it coincides with the complex {Γ(X,M ⊗OX Λ
•L ∗), dρ}, so that H
i(L ;I ) = 0 for i > 0
(note that the sheaves I ⊗OX Λ
•L ∗ are injective U(L )-modules). 
3We recall that a δ-functor between two abelian categories A and B is a collection of functors {T i : A→
B, i ≥ 0}, and for every exact sequence 0→ A→ B → C → C → 0 in A, morphisms δi : T
i(C)→ T i+1(A)
satisfying some properties: naturality with respect to morphisms of exact sequences, and exactness of the
sequences
...→ T i−1(C)
δi−1
−−−→ T i(A)→ T i(B)→ T i(C)
δi−→ T i+1(A)→ . . .
For a complete definition, and the property of δ-functors we are going to use, see [3, 15, 5].
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Lemma 3.3. Given a representation (M , ρ) of L , there is an isomorphism
H
0(L ;M ) ≃ Γ(X,M L ) = IL (M ).
Proof. One has
H
0(L ;M ) = ker δ0 : Γ(X,I
0)→ Γ(X,I 1),
where {I •, δ•} is a complex of injective kX-modules quasi-isomorphic to (M⊗OXΛ
•L ∗, dρ).
Since Γ is left-exact, and the two complexes are quasi-isomorphic, we have
ker δ0 : Γ(X,I
0)→ Γ(X,I 1) ≃ Γ(X, ker δ0 : I
0 → I 1)
≃ Γ(X, ker dρ : M → M ⊗OX L
∗) = Γ(X,M L ).

3.3. Lie algebroid cohomology as Ext groups. As for Lie algebras, Lie algebroid
cohomology can be written in terms of Ext groups. If (L, a) is a (k, A)-Lie-Rinehart algebra,
the algebra A can be made into a representation of L by defining ρ : L→ DA ≃ A⊕Derk(A)
as
ρ(x)(α) = a(x)(α).
Then one easily checks that, if M is a reprentation of L,
HomL(A,M) ≃M
L,
where the isomorphism maps f ∈ HomL(A,M) to f(1). On the other hand, the equivalence
between the categories of representations of L and of U(L)-modules implies
HomU(L)(A,M) ≃ HomL(A,M) ≃ M
L
where A is a U(L)-module via the augmentation morphism U(L) → A. If L is a Lie
algebroid on a scheme X , and M is a representation of L , this yields an isomorphism of
sheaves of kX -modules
HomU(L )(OX ,M ) ≃ M
L
and taking global sections
HomU(L )(OX ,M ) ≃ I
L (M ),
so that one has:
Proposition 3.4. Let L be a locally free a Lie algebroid overX. The functors ExtiU(L )(OX ,−)
and Hi(L ;−) are isomorphic as functors Rep(L )→ k-mod.
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4. A Hochshild-Serre spectral sequence
Let
0→ K → L → Q → 0
be an exact sequence of locally free Lie algebroids over X . We shall associate with such an
extension a spectral sequence analogous to the Hochschild-Serre spectral sequence [6]; this
is actually a Grothendieck spectral sequence associated with the right derived functors of
the composition of two left-exact functors. This spectral sequence was already introduced
in [1] in a different way. We shall compare the two definitions later on in this section. The
new viewpoint will allow us to study this spectral sequence in an easier way, gaining a
better grasp of it.
4.1. The Hochshild-Serre spectral sequence as a Grothedieck spectral sequence.
As we already noticed, K is a sheaf of OX-Lie algebras, i.e., it has a vanishing anchor.
Thus, if M is a representation of L , the K -invariant submodule M K is an OX-module,
and moreover, it is a representation of Q. One has a commutative diagram of functors
Rep(L )
(−)K
//
IL &&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Rep(Q)
IQ

k-mod
.
Then we know [3] that, if (−)K maps injective objects of Rep(L ) to IQ-acyclic objects
of Rep(Q), for every representation M of L there is a spectral sequence converging to
R•IL (M ), whose second page is Epq2 = R
pIQ(RqM K ).
So we need to prove:
Lemma 4.1. If I is an injective object of Rep(L ), then RpIQ(I K ) = 0 for p > 0.
Proof. Actually one proves a stronger result, namely, that (−)K maps injective objects of
Rep(L ) to injective objects Rep(Q). This follows from the fact that the functor (−)K is
right adjoint to the natural forgetful functor Rep(Q)→ Rep(L ), which is exact. 
We shall denote the sheaves RqM K as H q(K ;M ). For every q, H q(K ;M ) is a
coherent OX-module, and is a representation of Q. Note that H
0(K ;M ) ≃ M K .
Se, rephrasing our claim about the spectral sequence, we have:
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Theorem 4.2. Let L be a locally free a Lie algebroid over X. For every representation
M of L there is a spectral sequence E converging to H•(L ;M ), whose second page is
Epq2 = H
p(Q;H q(K ;M )). (7)
It may be useful to record the explicit form of the five-term sequence of this spectral
sequence:
0→ H1(Q;M K )→ H1(L ;M )→
H
0(Q;H 1(K ;M ))→ H2(Q;M K )→ H2(L ;M ) .
4.2. Another approach to the spectral sequence. We define a filtration {F qp } of the
complex M • = M ⊗OX Λ
•L ∗ by defining F qp as the subsheaf of M ⊗OX Λ
qL ∗ whose
sections are annihilated by the wedge product of q − p + 1 sections of K . The graded
object of this filtration is
grp M
q = F qp /F
q
p+1 ≃ M ⊗OX Λ
p
Q
∗ ⊗OX Λ
q−p
K
∗. (8)
According to the mechanism shown in [4, Ch. 0, 13.6.4], the filtration {F qp } induces a
filtration of the complex that computes the hypercohomology of the complex M⊗OXΛ
•L ∗,
thus giving rise to a spectral sequence E˜ which converges to H•(L ;M ). This spectral
sequence is the Lie algebroid analogue of the Hochschild-Serre spectral sequence as it was
originally defined [6], and it is therefore interesting to compare it with the spectral sequence
we have previously introduced.
Let us briefly sketch this construction. By standard homological techniques (see e.g.
[15] — basically, the horseshoe Lemma), one can introduce injective resolutions C q,• of
M q = M ⊗OX Λ
qL ∗, and FpC
q,• of F qp , such that FpC
q,• is a filtration of C q,•, and
grp C
q,• = FpC
q,•/Fp+1C
q,• is an injective resolution of grp M
q. We consider the total
complex
T k =
⊕
p+q=k
Γ(X,C p,q)
whose cohomology is the hypercohomology of Ω•
A
. Its descending filtration is defined by
FℓT
k =
⊕
p+q=k
Γ(X,FℓC
p,q). (9)
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Lemma 4.3. For all ℓ, p, q there is an isomorphism
Γ(X,FℓC
p,q)/Γ(X,Fℓ+1C
p,q) ≃ Γ(X, grℓ C
p,q).
Proof. As FpC
q,•/Fp+1C
q,• ≃ grℓ C
p,q one has the exact sequences
0→ Γ(X,Fℓ+1C
p,q)→ Γ(X,FℓC
p,q)→ Γ(X, grℓ C
p,q)→ H1(X,Fℓ+1C
p,q) = 0.

As a consequence, the zeroth term of the spectral sequence given by the filtration FℓT
k
is
E˜ℓk0 =
⊕
p+q=k+ℓ
Γ(X, grℓ C
p,q).
Recalling that the differential d0 : E˜
ℓk
0 → E˜
ℓ,k+1
0 is induced by the differential of the complex
M •, we obtain
E˜ℓk1 ≃ H
k(X,F •ℓ /F
•
ℓ+1).
By plugging in the isomorphism (8), we have
E˜pq1 ≃ H
q(K ;M ⊗OX Λ
p
Q
∗). (10)
Note that, since Q is a K -module, the sheaves ΛpQ∗ are K -modules as well.
Theorem 4.4. Let E be the spectral sequence of Theorem 4.2, and let E˜ be the spectral
sequence associated with the filtration (9). The spectral sequences E and E˜ are isomorphic.
To prove this theorem we use a construction by Grothendieck [3, §2.5]. Let F : C → C′
be a left-exact additive functor between abelian categories, and assume that C has enough
injectives. A resolvent functor for F is an exact functor F : C → K≥0(C
′) (where K≥0(C
′)
is the category of complexes of objects in C′ with vanishing terms in negative degree) with
an augmentation morphism F → F such that
(i) F → ker (F0 → F1) is an isomorphism;
(ii) If I is an injective object in C, then H i(F(I)•) = 0 for i > 0.
One has [3, Prop. 2.5.3]:
Proposition 4.5. Let A• ∈ K≥0(C). The first/second spectral sequence of the double
complex F(A•) is functorially isomorphic to the first/second spectral sequence for the hy-
percohomology of F with respect to the complex A•.
14
Proof of Theorem 4.4. We note that the functor
F : Rep(Q)→ K≥0(k-mod)
M 7→ Γ(X,M ⊗ Λ•Q∗)
is a resolvent functor for IQ. Let M be an object in Rep(L ), and let I • be an injective
resolution of M . We apply Proposition 4.5 with
F = IQ : Rep(Q)→ k-mod and A• = (I •)K .
The double complex C = F(A•) is
Cp,q = Γ(X, (I q)K ⊗OX Λ
p
Q
∗).
The first and second pages of the second spectral sequence are given by (10) and (7),
respectively. The d1 differential of the second spectral sequence of C coincides with that
of the spectral sequence E˜ (they essentially are the differential of the Chevalley-Eilenberg
complex of Q), so that the two spectral sequences are isomorphic. On the other hand, the
Q-modules (I •)K are IQ-acyclic, so that the hypercohomology of IQ with respect to the
complex (I •)K is
H i(F ((I •)K )) = H i(IL (I •))) = Hi(L ;M ).
So the spectral sequences E˜ and E coincide, and Theorem 4.4 is proved. 
Remark 4.6. Proposition 4.5 also provides a straightforward, albeit less transparent, proof
of our Theorem 3.2. One sets
C = Rep(L ), C′ = k-mod, F = IL , Fi(M ) = Γ(X,M ⊗OX Λ
i
L
∗)
and takes for A• an injective resolution I • of a representation M of L . The second
spectral sequence of the double complex F(I •) degenerates and converges to the hyperco-
homology H•(L ;M ), while the hypercohomology of F with respect to the complex I • is
given by the right derived functors RIL (M ). △
Remark 4.7. Evidently these constructions define a spectral sequence attached to an exact
sequence of Lie-Rinehart algebras (the case of Lie-Rinehart algebras obtained as global
sections of a C∞ Lie algebroid was treated in [10], while the case of ideals in the Atiyah-
Lie-Rinehart algebra of a module was treated in [14]). So, if
0→ K → L→ Q→ 0
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is an exact sequence of (k, A)-Lie-Rinehart algebras, K is an ideal in L, and M is an
L-module, there is a spectral sequence with terms in k-mod whose first two pages are
Ep,q1 = Λ
pQ∗ ⊗Hq(K;M), Ep,q2 = H
p(Q;Hq(K;M)).
△
4.3. A local-to-global spectral sequence. If L is a Lie algebroid on a scheme X , the
functor
IL : Rep(L )→ k-mod, M → Γ(X,M L ),
is itself a composition:
Rep(L )
(−)L
−−−→ kX-mod
Γ
−→ k-mod.
The derived functors of (−)L are
Ri(−)L : Rep(L )→ kX-mod, M 7→ H
i(L ;M )
and when I is an injective object in Rep(L ), one has H i(L ;I ) = 0 for i > 0 by the
same argument we have already used. As a result, if M is a representation of L , there is
a spectral sequence, converging to H•(L ;M ), whose second term is
Epq2 = H
p(X,H q(L ;M )).
This is a kind of local-to-global spectral sequence for Lie algebroid cohomology. Indeed,
the sheaf H i(L ;M ) is the sheafification of the presheaf which with an open set U ⊂
X associates the degree i cohomology of the (k,OX(U)-Lie-Rinehart algebra L (U) with
coefficients in M (U).
As a particular case, we get a generalized de Rham theorem [2].
Theorem 4.8. Let L be a locally free a Lie algebroid over X, and let M be a represen-
tation of L . Assume the complex M • = M ⊗OX Λ
•L ∗ is exact in positive degree, i.e., it
is a resolution of a kX-module C . Then
H
i(L ;M ) ≃ H i(X,C ), i ≥ 0.
Proof. One has H i(L ;M ) = 0 for i > 0, and then the above spectral sequence degenerates
at E2. 
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4.4. An extension to complexes. Actually Proposition 4.5 also allows one to prove an
extension of Theorem 3.2 to complexes. Given a locally free Lie algebroid L on the scheme
X , we denote Krep(L ) = K≥0(Rep(L )), while K(k) will be the category of complexes
of k-vector spaces, again with vanishing terms in negative degree. Then the functor IL
extends to a functor
IL : Krep(L )→ K(k)
and we have hyperfunctors RiIL : Krep(L )→ k-mod.
Theorem 4.9. Let L be a locally free a Lie algebroid over X. For every complex M • in
Krep(L ) there are natural isomorphisms of functors Krep(L )→ k-mod
R
iIL (M •) ≃ Hi(X,T •), i ≥ 0
where T • is the total complex of the double complex M • ⊗OX Λ
•L ∗.
Proof. The two spectral sequences in Proposition 4.5 converge to RIL (M •) and H(X,T •),
respectively. 
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